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ABSTRACT 

From the point of view 4,psychlogy, T. L. Saaty (1977) suggested using the scale from Ito 9. which is not 
consistent, for pairwise comParison in the Analytic Hierarchy Process. For example, suppose we are given 
*three objects, say, A, B. and C. Compare A with B , with the result, say, of 3. Then compare B with C. 
with the result of 5. Finally compare A with C, the result should be 15 if we would use a consistent scale. 
Of course. if the number of scale values is finite, then the scale itself will never be consistent as illustrated 
in the above example. A question arises: Is there an optimal scale such that the consistency index will be 
minimum for all comparison matrix? This paper has mathematically answered the above question: There 
is no optimal scale among certain class of scales with respect to consistency in the Analytic Hierarchy 
Process Therefore the scale from 1 to 9 is a reasonably good one for pairwise comparison in the Analytic 
Hierarchy Process. 

1 Introduction 

Saaty (1977) suggested using the following scale for pairwise comparison from the point of view of psy-
chology; 

Scale Value I Description 
1 Absolutely equal, no difference detected I 
3 Very slight preference 

but inconfident in judgment 
Slight preference detected, ‘, 

confident in judgment I 
7 Moderate to strong preference, 

requires little time to detect 
9 Large order of magnitude preference. 

too far apart to adequately scale 
2, 4, 6. 8 Intermediate values between 

the two adjacent judgments 

alI 

Suppose we have three objects 0 2 02. and 0 3. Compare 0 2 with Oa, with the result. say. of 3. Then 
compare 02 with Oa, with the result of 5. Finally compare, 0 1 with 03, the result should be 15 if we use 
a consistent scale. Obviously the scale suggested by Saatv is not consistent. Of course, if the nuntber of 
scale values is finite, then the scale itself will never be consistent as illustrated in the example above. The 
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question arises: Can we do some transformation of the above scale such that the resulting scale is optimal 
among certain class of scales with respect to consistency? Unfortunately the answer to the above qusetion 
is no. and we show it in this paper. 

2. Definitions and theorems 

Instead of the scale 1,2.• • • .9. we may give the scale I. 2r. 3r. 9r. where: > 0. and see what happens 
to the consistency of the comparison matrix. Obviously. we do not want to transform the scale value I. 
since we desire a ratio scale. 

Suppose we get the following two pairwise comparison matrices after the pairwise comparisons are made 
over the a objects. 0 1, • -,0„ by using the two scales 1 ra It o • 9ro and I. 2r. 3.r. 9r, 

5 

A(zo) =. 1

ainzoatzIO 
a2„xa 

I I 

1 a55:a2nZ 

an : 

at-r 

where the ay 's are integers between land 9 for t < j. If a,, = I. then define aux and a17.r0 to be one. 
We compute A„,,,Jor both matrices where is the Perron root of a positive matrix. We denote the 
value of A„,„,, for .4(zo) by A,„51(x0) and similarly the value of Am.. for .4(x) by A„,,,,t(r). Naturally, we 
wish to find an to that will improve consistency, i.e., will reduce the size of Amer. This gives rise to the 
following mathematical question: Does there exist an zo independent of judgment scale such that 

A(45 C. 

for all x > 0 and for all ay? The scale 1,2x0, • • 9x° which satisfies the above condition is called the 
optimal scale in the family of scales 1,2z, • • • ,9r with respect to consistency. Unfortunately, the optimal 
scale in the above family does not appear to exist. 

Let as first consider the case where there are three objects to be compared. Suppose we get the following 
matrix after pairwise comparisons are made: 

A = (;-1-; a.: 
csiaz atat 

where au ,am and ass are integers between land 9. and if ay = 1 for c j we define ay = 1. 

The characteristic polynomial of the matrix .A is 

A - I -air: 
iA/ - Al = 

1 au x' alas) 

A - 1 

tsar a3,z 

- aiax 
- azzi 
A - 1 



..= _ tr _ 30 _ ats  umarox 
P al oaoax a /3

• 
Ilk tinting tlie characteristic equation of A. one can get (see Saaty. 1980) 41 

A!;./dir q  a13  il aria 1.23 
  ri 

alonoox als
= V 

a323 
:11:  x ,fatzazz x 1.

V am 

Let.us take the derivative of A Z with respect to x. We have 

dA):1, _ —1 V  am  xrxt I V aizazz xiz
— 3 nionoo. 3 am 
= I il auanizati x j2(  at3 . 

3 am an a23

By setting the derivative equal to zero and solving the resulting equation, we obtain the solution 

xo =  au azz 

It is easy to see 4--E 4A 0 if x > xo and thic < 0 if x xn. Hence xo is the only minimum point 
of A),th. Also notice that at x = xo we have ALI = 3. that is. at x = xo, the matrix .4 has perfect 
consistency 

The minimum point of ALV,.. xo = does depend on the judgment scale 0131a13 and an. But we 
do not know what values alo.als, and-at have before an experiment. In this case, then, there does not 
exist an x which is independent of the judgment scales such that the corresponding scale is optimal with 
respect to consistency. 

Now if GT:it - I. then no sin (0,11 will give a smaller value for Aniar(s). On the other hand. if 4):1;  c. I. 
then no value of x in [I. --,c) will give a smaller value for Am.,. Unfortunately, before an experiment we do 
not know whether 7,-‘8.tti- < I or .--.%); - I. Thus, it is impossible to know before an experiment whether 
x •-• I or r I will give the smaller 31:ele to improve the consistency. 

. Let us consider the case where there are four objects to be compared. This-case is much more complicated 
than that in which we have only three objects to be compared. Suppose we have the following matrix after 
the pairwise comparisons are made: 

at 

L 

where a. b.. d. e, and f ate positive integer between one and nine 

The characteristic equation of .4 is 

4A3 -la 8)A - la - I 51 = 
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where 
0.r e (sex , 

d f x 
ads h hfs . 

adx I bf x i
3 adfx= c ae bf 

— r adfx- bf tie 
( ed be 

— — be cd 

By solving the characteristic equation of .4. Saaty (1980) gets 

5 

— cif:TA 
ALAI = 

2

where 

_18 —7 4_ a 

V 4 25t4 

{(-8 + 12- +83)t Ill:1 03 +3)33 + (8— 83)21 2 3 2 

+ — 83) — Vri(3 + 3)? +(8 — _83)2}} AA A 
2 3 2 

Notice that 
chIS,Vir aA;:1, 8A L717 do 

— + dx d7 dz Oa dr 
One could show the equation below 

daLn. _ 0
dz 

is not a polynomial equation in z. In fact. the equation is so complicated that we do not know how to 
solve it algebraically. 

If we have five or more objects to be compared, then the Abel Theorem tells us that we can not even 
write down the solution for A„or in closed form. Therefore we have to use another approach to attack the 
problem. 

Suppose we have n objects to be compared. After pairwise comparisons are made, we get the following 
matrix: 

i.e., the judgment scale values for object t ov,er j ate all the same as long as < j where a is a positive 
Integer between two and nine. 

Obviously. when ax = I, we•get perfect consistency and AL. = n. Thus, at to = 1, we get the minimum 
of Cy which is n. Again, to don depend on the judgment scale a. 
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Is to = the only one minimum point such that AI,Vie = it? If there exist other minimum points such 
that A4eLle = n, do they depend an a? Let us find the characteristic polynomial of A before we answer the 
questions. 

Define 

' — 
1 :I 

fi n) = — Ai = a
ra 

—ax 
A —I —6/ 

A — I 

The above determinant is a classical one in linear algebra. By using the elementary properties of a 
determinant, one could find an algebraic expression for this determinant which is given below: 

(A+—  I + ax)" — ax(A — I + h)" 
fi n)  • 

it; 

The above result could be found in many textbooks of lineal algebra such asTaddeev(1965). 

The characteristic equation of A is 

.17(A — 1 + ax)" — az(A — + ;1/4-)" = 0.
• 

Simplifying,. we have 
A — I 

( 4Z )fl  _(ax) 2 
— I + az 

There are n solutions to the above equation. which are 

for i= 1,2, .n. 

Notice that ALfle n. which implies 

hence we have. 

Finally. 

(arli l e11e Ak — 1 — ax 

At — 1 + cr 0
At — I + ax 

fl at - St   I 
- (ar) '4

Atntis - I -,xx 

A2Z— ;IT 1 - c;t7)= 

Notice that .41, is a differentiable function oft execnt at the point x = which is a discontinuous point 
of Alefli  Also notice 

lim ALt:, — 

143 



lint AZ:, 

when n - 2. By the calculus, we know that the minimum points of -1‘.1,L have &be in those points x such 
that a-124:,!: = 0 or z =

(! — 0( L )i -21+ I D —(* Airi  
— )5: 

dx 'fleX 
:I 

— 

Multiplying the numerator above by and setting the result equal to zero, we obtain 

(-2 I . —(-1 .)11 — Cr". =0. a-x- it ax ax (iv ax ax 

If y = S., the above equation becomes 

5 -91 - oyllo - (y- = 0. 

The above equation is independent of a, hence its solutions are independent of a, too. Suppose yo is a 
solution of the above equation, then a solution to g-z-kS,Viz = 0 is xe = which does depend on the 
judgment scale a. 

The following theorem summarizes what we have found so far: 

Theorem I. In the family of scales 1, 2x, - where: > 0, there does not exist an x which is independent 
of the judgment scale such that the 41:  of the corresponding pairwise comparison matrix always attains 
its minimum at x. Equivalently there does not exist an x such that the corresponding scale is optimal 
with respect to consistency in this family. 

5 

5 

Let us extend the above theorem to a more general case. Suppose the general transformation of the scale 
1,2,- • ,9, is 1, f(2,4, f(3,z), f(4,z), f(5,x), f(6,:), 1(7,z), 1(8,z), and 1(9,x). The family of scales 
I, 2x, 3x, 4x, 5z, 6z, Tz, 8z, and 9x is an example of general transformation of the scale 1, 2. 3,4. 5, 6. 
7, 8, and 9 with ,f(a,x) = az where a = 2,3, 9. If we set ,f(a, = az. where a 2.3.4,• • •,9, we get 
another family of scale I, 22, 32, 42, 52 ,6z.77 , 8', and 92. We require that f(a.x) be positive. For any 
fixed x, f(a,x) is a strictly increasing function of a or a strictly decreasing function of a. 

In the family of scales I. f(2, 4, —.1(9.z), does there exist an xe which is independent of the judgment 
scale such that 51„1 of the corresponding pairwise comparison matrix always attains its minimum at 

= xe? The answer is no. See the following counter example: 

Suppose we have n objects to be compared. After pairwise comparisons are made, we get the following 
comparison matrix: 

( I Pa. x 1 .f(a.41 

• Et{ th i 
i.e each judgment scale value for object r over ) is the same as long as a J where a is a positive integer 
between two and nine 
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Then 

A 4= 

Similarly. we could find 

A I 
1(1.51 

0 
- fta. x) 

A - I 

__J-- _ I 
I le.. 

At 11 -
- fiat x)(A - I + 7th))  - s(A I . f (a, z))" 

Real 

R s t i fiat 

Setting IA/ - = 0, and solving this equation, we get 

Maix)]- - fiatir) AtIts - I 4- 
if (a, x)liI - 

The possible discontinuous point of ALI is the point x such that f(a,x) = I. but we can make it into 
continuous point. Let is = f(a, z). Then 

— 

I — 

a _2 

UM = JIM  a • 2-1 mg. a—I I — y_ 
By L' Hosptial's rule. 

1 — 2 / 
a 

0 -3
. 

y--.1 .1.

+ n)y-2
r-i 

Hence a 
lim A00 = it. 
s-1 Ina

Thus if we define tal e = it when y = I, then A;ne is a continuous function of y for y (0, -.x). Also 
notice that when a> 2, 

lim AS) =9-0 "‘" 
lim 

v--at 

Thus, the minimum of Ath has to be achieved at some point inside the interval of (0. -x.). In fact, 
when y = I. a2L= n is the minimum of Ain: . There could be some other minimum point. In any case. 
suppose yo is a minimum point of ALyk. then the point .ro such that yo = f(a.zo) is a minimum point of 

Since f (a. 2) is a strictly increasing function of a or a strictly decreasing function of a. for a fixed x. 
if a is changed. xo has to be changed. too, Thus xo does depend on a Hence we get the following theorem: 

Theorem 2. In the family of scales I 1(2.x), .f(9.:). where f(a.x) is a strictly increasing function of 
a or a stictly decreasing function of a for a fixed z, then there does not exist an x which is independent 
of the judgment scale such that of the pairwise comparison matrix always gAls the rntotmuto at 
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Equivalenth there does not an .r ...tich that the corresponding scale i s optimal wi th 'No.,' it, 
consistency in this Blinds 

3. Conclusion 

We have shown that there is no optimal scale in these two families of scales with respect to consis-
tency. Why do we choose scale I 2. 3 V" The reason comes from Psychophysics. In his hook. 
The Analytic Hierarchy awl/ answers this question. One interesting question remains: Is there any 
optimal scale in a different family of scales from the above two families? 
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