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ABSTRACT 

In this paper, a new method for calculating the priorities of Hierarchic system with inner dependence 
based on the principle of hierarchical composition is proposed. It's different from &sty' s supermatrix 
method and is an improvement of the ratio scale approach. 

—. INTRODUCTION 

The priorities of general system with feedback can be calculated by means of supermatrix (4). 
This method can also be used in calculating the priorities of the hierarchic system with Inner 
dependence (115M), but it needs much calculation and lacks level s intuitiveness. In fact, There 
is still the highest level in HSID, even though the elements in each level are dependent upon 
themselves; So that the priorities of IBM are in essence the same as that of the hierarchic system 
with independence (HSI). In this paper, a new method for calculating the priorities of HSID based 
on the- principle of hierarchical composition is proposed. It improves the ratio scale approach (3)• 
Through this method. We can get the same conclusion as the one calculated by supermatrix. This 
method is very clear, simple and intuitive, and the number of calculations can also be cut down 
greatly. This method can calculate the priorities of the hierarchic system both with inner dependence 
and independence. 
In this paper, •the principles of the method are first given in- Section 2, the method will be described 
in detail in Section 3. In Section 4, we will prove the effectiveness of this method. And finally, 
an applied example will be given as an illustration for this method. 

z. PRINCIPLES OF THE METHOD 

Consider a HSID which has been decomposed into n clusters or components C(I), C(2), ... UM, 
N- Is the total number of the system's elements, n(k) Is the number of the elements in the kth 
level, 1(k)=n(1)-En(2)+••4n(k). E(c(k))=(1(k-1)+1, 1(k-1)+2„1(k)) are the elements set 
in the kth level (where we use the element's subscript to represent the element itself). The 
s—step priority for a pair of elements i, j is given by 

w (I, .1) (s'n• w(l, m) • w (m, J)"-11 (2-1) m•I 

where w (ii m) is the impact priority of the ith element to the mth element in the-system. 
w(m,j) (" ) is the s-1 step priority of the mth element to the jth element in the system 

Theorem 1, In HSID, the s—step impact priorities of any pair of elements in the same level are 
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only relative to that of the elements in this level, not relative to that of elements in other level. 
i.e. 

wfi, D ai=S W(i, D1) 
callt-1141 

Proof: In terms of (2-1), we derive 

(si=5 w (i,m) • wtm, j) (") 
m•I 

Vi, jEErc(k) (2-2) 

lib 
r- ra) • WEL E W (i. an • W(M•Ds-"45 wa. no • wthi,J)'-" mra-b+1 .-1(10+1 (2-3) 

When m>I(Ic—D, mEE(C(k-l-1))UE(Crk-1-21)UE(C(k-1-3))U••• E(C(n)). We know IEE(C(c)). 
so the impact priority of the ith element on the mth element is equal to zero, i.e., w(ion)=0. 
the third item of (2-3) is equal to zero. When m•ci(k-1), meE(C(ic-1))UE(C(k-2))-4_2(C 
(1)). We know jEE(C(k)), so the impact priority of the mth element to the jth element is equal 
to zero, i.e., w(m,j)=0, the first item of (2-3) Is also zero, so (2-3) becomes: 

D " 1=I 1'7(I, ra) • w 
onio,-1)+1 

Theorem 1 holds 

Theorem 2: In NSW, the s—step impact priorities of each element in C(k) to any element in C 
(k-1) are only relative to that of elements in these two levels, not relative to that of elements 
in other level, i.e. 

Ion 
j) (s'= 5 w(I. m) • w(n, j) , VIEE (C (I) ) IrjEE (C(k-1)) (2-4) 

meuk-21+1 
Proof: According to (2-1)., we get 

j)‘"=5 w (1, ra) • w (m, j) 6-11
12.1 

W(i,111) • WM: (3-1)+ 5 W(i. ni) • W (ra: -I) ("1 + 5 W (I: In) j) (2-5) 
12-1 e•uk-2)+1 rms 14k:+1 

Simulating the proof of Theorem 1. we can prove the first and the third items of (2-5) are equal 
to zero, so (2-5) becomes, 

1:10 
j) 4)=5 W(I, (a) • W (M, .1) 11-11

w•10,-2)(1 

So, Theorem 2 holds. 

E. THE METHOD FOR SETTING UP THE LIMITING IMPACT PRIORITIES 

1. The limiting impact priorities of HSID with two levels 

Now we konw the s—step impact priorties of each element in COO to any element in C(k-1) 
satisfy (2-4), we use supemmtriz to represent (2-4) as 

W(10'""= W(10 •WW"' 
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where 
Ca-fl C(k) 

W(k)= 

Ca) W (k. k-D Mirka) 

0 a C (k-D W (k-D k-I) 
(3-2) 

W(k,k) are respectively impact priority matrix of C(k-1) and C(k).'W(k.k-1) is 
Impact priority matrix of each element in cad to any element In C(k-D (see ;4',). 
We assign a different weight value to each of the levels, according to the importance of their 
contribution to the system, thus we get the weighting supermatrix. 

*CDT: 

i a (k-1, k-D W&-I, k-1) 0 

a ac, k-1.)W (Iti1) c- W(k. k) 

1 

(3-3) 

then (3-1) becomes _ 
W(k) tnb= W(k) W(1)"' (3-4; 

Acamang to Theorem 2, we know that the s-step impact priorities of C(k) to Clk-1) are only 
relative to that of the elements in these two levels, so Mk) and C(k-1) can be regarded as a 
HSID with two levels. In terms of Sooty" s priority theory of system with feedback (4), through 
calculating the limiting value of (3-41, we cart get the limiting impact priorities of C(k) to C(k-1) 
cw(r,k-on. In case of War,k-Ifl the ES!!) consisting of C(k) and C(k-1) can be simplified 
as HSI consisting of CM and C(1-1).For examples 

' Cdr-1) 

It's can be simplified 

In case of W(k.k-lr 

it*t 

(-) C(k-1) 

C(k) • • • C(k) 

(In case of Wdc,k-11)) s (In case °Mar.:lc-1)n 

2. The limiting priorities of MID with n levels 
1 

Suppose we have a HSID, shown in Figure I, by means of above method, we calculate the limiting 
Impact priorities of Cat) to CM-I) (W02,n-D- ). In case of Wina-lr, the system can be 
pingifird shown in Figure 2. With the simplified system, we continue to calculate the limiting 
Impact priorities of Cut-I) to C(n-2) (W(ne n-1)- ) and can simplified the system further. 
Mended with that of above. calculate W(n-2,n-3)- . .W(2.1)" in sequence. In the end, the 
system call be simplified as a HSI, shown in Figure 3, thus, the limiting Impact priorities of the 
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alternative level to the goal level can be calculated as follows: 

W (n.1) "= W (n. n-1).-  • W (n-1, n-2r` W(2, 1) - 

• 

Figure 1 Figure 2 
in. THE PROOF OF THE METHOD'S EFFECTIVENESS 

The effectiveness of this method can be proved when Wth,n) is a normal matrix. 

Lemma 1: For IISID with two levels, when W(n,n) is a normal matrix, note: W(12, rd et=lim W 
(n, a)', then, the limiting impact priorities of the alternative level to the goal level exist and can 
be expressed as follows: 

W (n, W ( n, n) - • a (a, 1) • W (n. 1) (I-all, 1) W (1, D (n=2) 

Proof is given in paper ill 

(4-1) 

Theorem 3: For HSID with n levels, When W(n.n) is a normal inatrix, note W(n.nr=lim 
W(n,n)', then the limiting impact priorities of the alternative level to the goal level exist and can 
be expressed as follows. 

W (n, 1) (n, n) - • a (1, n-1) • W (n, n-1) (I-a (n-1, n-1) W (n-1, n-1)1'  (2, 1) 
• W (2. 1) (I-a(1. 1) W(1,1) " 

(4-2) 
Proof: The system is shown in Figure 1. For C(n) and C(n-D, we can establish, their weighting 
supemmtrix as follows 

a (n-1, n-1) W (n-1. n-1) 0 I 
fir(n)= 

a (1,11-1)W (n. n-1) W (n. 

Because C(n and C(a-1) can be regarded as a HSID with two levels, and W (n,n) is a normal 
matrix, so according to Lemma 1. we know 

W (n, n-1) - =W (n, n) • a (n. n-1) W (n, n-1) (I-a(1-i. n-1) W (n-1. n-1) 1". 

In case of W(n,n-1)- , the system can be simplified, shown in figure 2. For C(n-1) and C(2-2), 
establishing their weighting supermatrix. the elements of C(n-1) lare now independent upon 
themselves, so W (n-1, n-1) =I, thus 
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NV- (n-1).= ia (n-2, n-2) W (11-2, n-2) 0 

a (1-1. n-2) W tn-1. n-2) 

According to Lemma 1, we get 
W (n-1, n-2) - =a (n-1, n-2) • W (n-1. n-2) 3 (I-a (n-2, n-2) W (n-2. n-2) I 

Just the same as above, we get 
(k, k-1) t=a (k. k-1) • W(k,k-1) • (I-a (lc-1, k-1)W (k-1, k-1) 

(k=n-2, -• 21 
In the end, the system can be simplified as HSI, shown in Figure 3. Through the synthesizing 
formulation of HSI, 

W (n, 1) "`= W (n. n-1) - • W(2-1, n-2)   W(2, 1) cc 
We get 

W (n,1)"=W (n. n) " • a (n, n-1) • W(n,n-1) (I-a (n-1. n-1) W (n-1, n-1) - I a(2, 1) 
cva, 1) (I-a(1, 1)W (1.1) ) 

So Theorem 3 holds. 
From theorem 3, we know that this new method can lead to the same conclusion as the one 
calculated by supermatrbc. Next, we turn to some special cases: 

As When the elements in each levels are independent upon themselves, 1 e., the system is HSI. 
W =1, a (i, b =0, (i=1, 2, ... , n), W (n, n) - =1, (4-2) can be simplified as follows: 

W (n, 1) -= W (n-1, n-2) • W (n-2, sa-3) ' W (2,1) 14-3) 

This is Just the oomposited formulation of HSI, so HSI can be regarded as a special case of HSID. 

/3: When the elements in the alternative level are independent upon themselves, and the goal level 
has only one element, Wth,n) - 4, 2(1,1)=0, (4-2) can be simplified as follows: 

W (n,1)"•=a (n, n-1) W (n, n-1) (I-a (n-1, n-1) W (n-1, n-1) ) -Loa (2, 1) W (2, 1) (4-4) 

Cs According to the synthesizing formulation (4-2), the priorities of the alternative level to any 
criterion level C(k) can be calculated as follows: 

W (n, -= W (n, n-1) " • W (n-1, n-2)  W (k4-1, k)'` (4-5) 

and the priorities of any criterion level C(k) to the goal level can also be calculated as follows 
W (k. 1) ̀c= W (lc, k-.1) eic • W (k-1, k-2) " W (2. 1) " 

=W (k, " • a (k, k-1) • W k-1)(1-a (k-1, k-1)W (k-1, k-1) )  a(2, 1) 
• W (2,1) • (I-a(1, 1) • W.(1. 1)) -I.

Ds When W(n, n)c,t is not a normal matrix,r this method still holds, we don't discuss these cases 
in this paper. 

E. APPLIED EXAMPLE 

The Comprehensive Estimation of University's Education level:. 
The model is shown In Figure 



7,z\ c52) cm 

cm.) ca..2) cal) a,c(22) c(23) cao 

C(3) 
Figure 4 

C&) C(32) C&) C(34) C(35) 

A Comprehensive Estimation of Univasity's Education level 
C(1) Accomplishments of Teaching and Scientific Research 
C(2) Investment and Benefit 
C(3) Management Level 
C(11) Undergraduate Students Training 
C(12)Graduate Students Training 
C(13 )Benefit and Effect of Scientific Research 
C(21)Teacher's Level and Training 
C(22)Investment for Instruments. Equipments, Materials etc. 
C(23)Public Welfare 
C(24)Returns on Investment 
C (31) School—Board's Administration 
C(32)Moral Education 
C(3) Management of Teaching 
C(34)Management of Scientific Research 
C35 Management of Auxiliary Facilities 

We calculate the limiting Impact priorities of alternatives to a g' oal as follows: 

Stepl: For the 3th level and the 2th level, establish their weighting supermatrix as thus 

1. fr.....L1 ‘, .; a(2,2)yV(2,2) , , q , 

a (3, 2)W (3, 2) W (3, 3): ' 

113 

,-. 

2C4 ^ 1. V fa 

; 2' i(k) _ IT I

here W(3,3)=1, Waa)..(urnot(g),,u3j),:-Wr3;2i= " h(5) ' ' ' 44?" A- 
V

V,/ ) 7% U(6) X' 3 3
, r Hi •

4(1)= (1). 6608, 0.2081, 0. 1311) T, u (2) =(0. 1365, 0.6350, 0. 2383) (3) = (0, 0.25, 0.75)1. u(4)= 
(O. 5H3. 25, 0.25)9 u (5)= (0.481, 0:243. 6. i66,' O. 109).r. (6) =(O. 31 .. 0.313, 0:176, 
0.099)*, a(3,2)=0.8, a(2,2)=0.2 - 

Calculating NOT(3)8, we get; 
W(3,2rn(a(1),a(2),a(3)) 

a (1) --L. (0. 04713, O. ran O. 2338, O. 0138, O. 0369, O. 0341, O. 0031,, 0.0005, 0.0005, 0:002;0. 001, O.: 001) 

re__ 1 
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